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Abstract 


We study the role of context, complex of physical conditions, in 
quantum as well as classical experiments. It is shown that by taking 
into account contextual dependence of experimental probabilities we 
can derive the quantum rule for the addition of probabilities of alter¬ 


natives. Thus we obtain quantum interference without applying to 
wave or Hilbert space approach. The Hilbert space representation of 
contextual probabilities is obtained as a consequence of the elementary 
geometric fact: cos-theorem. By using another fact from elementary 
algebra we obtain complex-amplitude representation of probabilities. 
Finally, we found contextual origin of noncommutativity of incompat¬ 
ible observables. 

1 Introduction 

It is well known that the classical rule for the addition of probabilistic alter¬ 
natives: 


( 1 ) 


P = P l + P 2 


does not work in experiments with elementary particles. Instead of this rule, 
we have to use quantum rule: 



( 2 ) 


The classical rule for the addition of probabilistic alternatives is perturbed 
by so called interference term. The difference between ‘classical’ and ‘quan¬ 
tum’ rules was (and is) the source of permanent discussions as well as various 
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misunderstandings and mystifications, see e.g. [1]-[12] for general references. 
We just note that the appearance of the interference term was the source of 
the wave-viewpoint to the theory of elementary particles. At least the notion 
of superposition of quantum states was proposed as an attempt to explain 
the appearance of a new probabilistic calculus in the two slit experiment, see, 
for example, Dirac’s book [1] on historical analysis of the origin of quantum 
formalism. We also mention that Feynman interpreted (|j) as the evidence 
of the violation of the additivity postulate for ‘quantum probabilities’, [5]. 

In particular, this induced the viewpoint that there are some special 
‘quantum’ probabilities that differ essentially from ordinary ‘classical’ prob¬ 
abilities. We also remark that the orthodox Copenhagen interpretation of 
quantum formalism is just an attempt to explain (|2[) without to apply to 
mysterious ‘quantum probabilities’. To escape the use of a new probabilistic 
calculus, we could suppose that, e.g. electron participating in the two slit 
experiment is in the superposition of passing through both slits. 

The role of an experimental context - a complex of physical conditions - in 
a quantum measurement was discussed in the details already at the first stage 
of development of quantum theory. N. Bohr [3] pointed out that the experi¬ 
mental arrangement plays the crucial role in quantum theory. W. Heisenberg 
also paid the large attention to the role of an experimental context (including 
the derivation of the uncertainty principle), see [2]. For Heisenberg, an ex¬ 
perimental context was merely a source of perturbations - different contexts 
produced different kinds of perturbations. Dirac’s approach to contextualism 
was similar to Heisenberg’s viewpoint, see [1]. It is important to note that 
Bohr and Heisenberg-Dirac contextual views differed essentially. Heisenberg 
and Dirac had classical-like viewpoint to the role of context as a source of 
perturbations induced by force-like interactions. This was a kind of Newto¬ 
nian scenarios. Bohr presented essentially more general viewpoint to context. 
Bohr’s contextualism was not based on the interpretation of context as a 
source of force-like perturbations. In principle, there may be no force-like in¬ 
teraction at all. Bohr’s context is a kind of geometry, experimental geometry. 
The only difference between ordinary geometry and contextual geometry is 
that the first one is an individual, point , model of physical reality and the 
second one is a statistical model of physical reality. 

At the first stage of the development of quantum formalism contextualism 
was discussed merely in the general philosophic framework. Of course, such 
a discussion played the great role in creation of foundations of quantum me¬ 
chanics. In particular, Bohr’s complementarity principle was created on the 
basis of contextual discussions. Unfortunately, contextualism did not pro¬ 
vided a mathematical model that could explain exotic features of quantum 
experimental statistics. In particular, there was not found contextual purely 
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classical probabilistic derivation of quantum probabilistic rule ([2j). This in¬ 
ability to obtain interference for quantum particles considered as classical- 
realistic objects - but moving in varying contextual geometries - induced a 
’’romantic viewpoint” to quantum systems: wave features, absence of trajec¬ 
tories,... Moreover, it was one of the roots of so called Orthodox Copenhagen 
Interpretation of quantum mechanics (not mix with Bohr’s interpretation!): 
a wave function provides the complete description of an individual quantum 
system. By this interpretation a wave function was associated not with the 
complex of physical conditions, context, (as it should be according to N. 
Bohr), but with an individual physical quantum system. 

There are many reasons why contextualism was not successive in deriving 
of quantum statistics. One of problems was of purely mathematical charac¬ 
ter. The standard probabilistic formalism based on Kolmogorov’s axiomatics 
[13], 1933, was a fixed context formalism. This conventional probabilistic for¬ 
malism does not provide rules of operating with probabilities calculated for 
different contexts. However, in quantum theory we have to operate with sta¬ 
tistical data obtained for different complexes of physical conditions, contexts. 
In fact, this context dependence of probabilities as the origin of the superpo¬ 
sition principle was already discussed by W. Heisenberg [2]; unfortunately, 
only in quite general and rather philosophic framework. Later contextual de¬ 
pendence of quantum probabilities was intensively investigated from various 
viewpoints [14]-[19]. We also mention that the powerful contextual machin¬ 
ery was developed in the operational framework, see [8],[9]; in particular, by 
using the theory based on POV-measures, see [20], [21]. However, a simple 
contextual derivation of quantum probabilistic rule (|2]) was not found. Typ¬ 
ically contextual papers explained that contextual transitions could violate 
classical probabilistic rule ([!]), see e.g. L. Ballentine for clear and simple pre¬ 
sentation in [19]. However, it was not clear why we have interference rule (|2j) 
in quantum formalism and why we use the Hilbert space calculus of quantum 
probabilities. 

Such a classical probabilistic derivation of (Q) was given in author’s paper 
[22], see also [23]. In these papers we used Heisenberg-Dirac contextualism: 
experimental contexts produces perturbations of physical variables. By using 
magnitudes of statistical perturbations we derived (||). We should mention 
two disadvantages of this derivation: 1) the use of force-like perturbation 
picture of physical reality; 2) the use of von Mises’ frequency probability 
model [24], Restrictions of old-fashioneds perturbation approach becomes 
more evident in the process of the development of quantum theory. R. von 
Mises frequency approach induces quite complicated manipulations with fre¬ 
quencies [22], [23] that are, in fact, irrelevant to our physical considerations. 
Therefore we tried to present Bohr-like contextual derivation of (|2) and with- 
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out to go to the frequency level. We did this in the preprint [25]. 

In this paper we present a modified variant of derivation [25] of (|2|). Then 
we present contextual derivation of the superposition principle as superpo¬ 
sition of waves of contexts. Starting with (now classically derived) @ we 
get vector space (and complex amplitude) representation of contextual prob¬ 
abilistic calculus. 


2 The role of a complex of physical conditions 

In fact, probabilities in @ in quantum experiments are determined by at least 
three different contexts, 5,We illustrate this situation by following 
fundamental example. 

Example. (Two slit experiment) In the two slit experiment rule (^) is 
induced by combining of statistical data obtained in three different exper¬ 
iments: both slits are open; only jth slit is open, j = 1,2. The main dis¬ 
tinguishing feature of statistical data obtained in these three experiments in 
the following one. By combining by (|l|) data obtained in experiments in that 
only one of slits is open we do not get the probability distribution for data 
obtained in the experiment in that both slits are open. On the other hand 
we never observe a particle that passes through both slits simultaneously - 
it would be observed passing the first or second slit. There is no the direct 
observation of particle splitting. As each particle passes only one of slits, we 
have the standard case of alternatives. Thus we should use conventional rule 
([!]) for the addition of probabilities of alternatives. This disagreement be¬ 
tween experimental statistical data and the rule of conventional probability 
theory looks as a kind of paradox. The traditional solution of this paradox 
is the use of the wave model for elementary particles. 

We now perform detailed contextual analysis for the two slits experiment. 
We consider the following complexes of physical conditions, contexts. 

S =both slits are open, Sj =only jth slit is open, j = 1,2. 

In fact, probabilities in (|2j) are related to these three contexts. Thus 
P = P S (A) and P 3 = P lS . /5 P lS .(A), j = 1, 2. 

Here we use various context-indexes. The Ps(A), Psj(A) denote prob¬ 
abilities of an event A with respect to various contexts. The coefficients 
Ps /Si 3 — 1,2, have another meaning. In general these are not probabilities 
of Sj with respect to the context S (besides some very special, ’’classical”, 
situations), because the context Sj in general is not an event for the context 
S. The Ps /Si 3 — 1, 2, are kinds of balance probabilities. These are propor¬ 
tion coefficients in splitting of the ensemble S prepared on the basis of the 
complex of physical conditions S into ensembles Sj prepared on the basis of 
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the complexes of physical conditions Sj : 


P Sj/S = JjT, 

where N is the number of elements in S and Nj is the number of elements 
in Sj, see [22], [23] for the details. We remark (and it is important for our 
further considerations) that we have the following balance condition: 

Psi/s + Ps 2 /s = 1- (4) 

The balance condition has the following meaning: the total number of par¬ 
ticles that arrives to the registration screen when both slits are open equals 
(in the average) to the sum of corresponding numbers when only one of the 
slits is open. So by closing e.g. the first slit, we do not change the number 
of particles that pass the second slit (in the average). In fact, (|) gives the 
right description of alternative-situation in the two slit experiment. It is not 
related to alternative passing of slits by a particle in the experiment when 
both slits are open. This equation describes alternative sharing of particles 
between two preparation procedures: jth slit is open, j = 1,2. 

However, the balance probabilities Ps-j/s would not play so important 
role in our considerations. The crucial role will be played by contextual 
probabilities P S (A), P Sj (A). 

The conventional probability theory says, see e.g. [26] that we have: 


P(A) = P(5 1 )P(H/5 1 ) + P(S 2 )P(A/S 2 ). (5) 


if Si fl S -2 = 0 and <Si U S 2 = S. This is the well known formula of total 
probability. In many considerations (including works of fathers of quantum 
mechanics, see e.g. P. Dirac [1], see also R. Feynman [5]) people set P = P(A) 
and Pj = P(Si)P(A/Si). Finally, they get the contradiction between conven¬ 
tional probabilistic rule ([1]) and statistical data obtained in the interference 
experiments and described by quantum rule (d). 

We would like to discuss physical and mathematical assumptions used 
for the derivation of (^). The main physical assumption is that this formula 
is derived for one fixed context S (in the mathematical formalism - for one 
fixed Kolmogorov probability space). To be precise, we have to write this 
formula as 

Ps(A) = PsiS^PsiA/Sx) + P s (S 2 )P s (A/S 2 ). ( 6 ) 

It is also important that contexts <Si, S 2 can be realized as elements of the field 
of events corresponding to the context S. Thus we would get the contradiction 
between classical rule (jll) and quantum rule (j2j) only if assume that balance 
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probabilities Psj/s can be interpreted as Rs-probabilities, Psj/s = Ps(Sj) 
and contextual probabilities Ps :j (A) as conditional probabilities with respect 
to the context S,P$ (A) = P s (A/Sj). Here the contextual probabilities are 
given by Bayes’ formula (the additional postulate of Kolmogorov’s probabil¬ 
ity theory): 

P Sj (A) = P s (AnS J )/P s (S J ). 

In general, there are no reasons to assume that new complexes of con¬ 
ditions Sj are ”so nice” that new probability distributions are given by the 
Bayes’ formula. Thus, in general, the formula of total probability can be vi¬ 
olated when we combine statistical data obtained for a few distinct contexts. 
In particular, this formula does not hold true in statistical experiments with 
elementary particles. The right hand side of it is perturbed by the interfer¬ 
ence term. This explanation is well known in contextual community. We 
could only be surprised why R. Feynman was so surprised by such ’’exotic 
behaviour” of quantum probabilities in the two slit experiment, see [5]. 

Remark. We can discuss the same experiment in the standard framework 
of preparation/measurement procedures. The context S produced an ensemble of 
particles S that passed through the screen with slits when both slits are open. A 
measurement procedure is the measurement of the position of a particle on the 
registration screen. In the same way the context Sj produced an ensemble of 
particles Sj that passed through the screen with slits when only jth slit is open. 

Remark. I recently discovered that, in fact, there is no contradiction between 
Kolmogorov’s approach [13] and the contextual approach. [] It is the mysterious 
fact that a few generations of readers (including the author of this paper) did 
not pay attention to section 2 of Kolmogorov’s book [13]. There Kolmogorov 
said directly that all probabilities of events are related to concrete complexes of 
conditions. Moreover, in his paper [27] he even used the symbol P(A|5), where S 
is a complex of conditions, - an analogue of our symbol P$(A). 


3 Interference term as the measure of statis¬ 
tical deviations due to the context transi¬ 
tion. 

The following simple considerations gives us the derivation of quantum prob¬ 
abilistic transformation (^]) in the classical probabilistic framework. 

Let S and Sj,j = 1,2, be three different complexes of conditions. We 
consider the transformation of probabilities induced by transitions from one 

1 I would like to thank Prof. A. Shiryaev (the former student of A. N. Kolmogorov) 
who explained this to me. 
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complex of conditions to others: 

S —> iSi and S —> S 2 . (7) 

We start with introducing of balance probabilities, P 5 / 5 . These are pro¬ 
portional coefficients for numbers of physical systems obtained after prepa¬ 
rations under the complexes of physical conditions S and Sj. If (starting 
with the same number of particles) we get N and Nj systems after S and 
Sj preparations, respectively, then Ps :j /s are defined by (|3|). We assume that 
balance probabilities satisfy to balance equation (f|). This is quite natural 
conditions: splitting (|7|) of the context S induces just sharing of physical 
systems produced by a source. We have already discussed this balance in the 
two slit experiment. The same situation we have in neutron interferometry 
for the balance between the numbers of particles coming to detectors when 
both paths are open and when just one of the paths is open. 

We introduce the measure of statistical perturbations 5 induced by context 
transitions: 

<5(VS;S,) = Ps,/s[Ps(A) - PsM)] + Ps,/s[Ps(A) - Ps,(A)]. 

This quantity describes the deformation of probability distribution P$ 
due to context transitions. 

By using balance equation (f|) we get: 

P S (A) = P s (A)P Sl/s + P S (A)P S2/S . 

Thus we get: 


P S (A) = Ps^sPsM) + Ps 2 / S Ps 2 (A) + 5(A-, S, Sj). ( 8 ) 


Transformation (^[) is the most general form of probabilistic transforma¬ 
tions due to context transitions. 

There is the correspondence principle between context unstable and (‘clas¬ 
sical’) context stable transformations: If Sj —> S,j — 1 , 2 , i.e., S(A;S,Sj) —> 
0 , then contextual probabilistic transformation (^) coincides (in the limit) 
with the conventional formula of total probability. 

The perturbation term S(A;S,Sj) depends on absolute magnitudes of 
probabilities. It would be natural to introduce normalized coefficient of the 
context transition 


MA;S,S J ) = 


S(A-,S,Sj) 


2 \/ p s 1 /s p s 1 ( A)P S2 / S Ps 2 (A) ’ 

that gives the relative measure of statistical deviations due to the tran¬ 
sition from one complex of conditions, S, to others, Sj. Transformation (||) 
can be written in the form: 


Ps(A) = y Ps,/sPs,(A) + 2 fP^Ps, (>1)A(4 S.Sj). (9) 

3= 1,2 
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In fact, there are two possibilities: 

1) . |A(A; S,Sj)\ < 1; 

2) . |A(A; S, <Sj)| > 1. 

In both cases it is convenient to introduce a new context transition pa¬ 
rameter 9 = 9(A;S,Sj) and represent the context transition coefficient in 
the form: 

A(A; S, Sj ) = cos0(A; S, Sj), 9 G [0,7r]; 

and 

A(A; S, Sj) = ± cosh^A; S, Sj), 9 G [0, oo), 

respectively. 

We have two types of probabilistic transformations induced by the tran¬ 
sition from one complex of conditions to another: 

P S (A) = J2 Pst/sPsM) + V Ps 1 /sPsM)Ps 2 /sPsM ) cos 9(A; S, S)) . 

(10) 

Ps(A) = E Psj/sPs; (A) ± 2 ^P Sl/s P Sl ( A)Ps 2/s Ps 2 (A) cosh 9(A- S, Sj) . 

3 = 1,2 

(11) 

We derived quantum probabilistic rule (;2|) in the classical probabilistic 
framework (in particular, without any reference to superposition of states) 
by taking into account context dependence of probabilities. 

Relatively large statistical deviations are described by transformation 
(ED- Such transformations do not appear in the conventional formalism 
of quantum mechanics. In principle, they could be described by so called 
hyperbolic quantum mechanics , [28]. 

Conclusion. For each fixed context (experimental arrangement), we 
have CLASSICAL STATISTICS. CONTEXT TRANSITION induces inter¬ 
ference perturbation of the conventional rule for the addition of probabilistic 
alternatives. 


4 Linear algebra for probabilities, complex 
amplitudes 

One of the main distinguishing features of quantum theory is the Hilbert 
space calculus for probabilistic amplitudes. As we have already discussed, 
this calculus is typically associated with wavclikc (superposition) features of 
quantum particles. We shall show that, in fact, the Hilbert space represen¬ 
tation of probabilities was merely a mathematical discovery. Of course, this 




discovery simplifies essentially calculations. However, this is pure mathemat¬ 
ics; physics is related merely to the derivation of quantum interference rule 

©■ 

The crucial point was the derivation (at the beginning purely experi¬ 
mental) of transformation (^[) connecting probabilities with respect to three 
different contexts. In fact, linear algebra can be easily derived from this 
transformation. Everybody familiar with the elementary geometry will see 
that (|2|) just the well known cos-theorem. This is the rule to find the third 
side in a triangle if we know lengths of two other sides and the angle 9 between 
them: 

c 2 = a 2 + b 2 — 2 ab cos 9 . 

or if we want to have ”+” before cos we use so called parallelogram law: 

c 2 = a 2 T b 2 T 2ab cos 9 . (12) 

Here c is the diagonal of the parallelogram with sides a and b and the angle 9 
between these sides. Of course, the parallelogram law is just the law of linear 
(two dimensional Hilbert space) algebra: for finding the length c of the sum 
c of vectors a and b having lengths a and b and the angle 9 between them. 

We also can introduce complex waves by using the following elementary 
formula: 

a 2 + b 2 + 2abcos9 = \a + be l6 \ 2 . (13) 

Thus the context transitions S —> Sj can be described by the wave: 

V = JPwPsAA) + ^P^P^A)e ie ^ s ’ s i\ 

5 ‘Classical’ probabilistic derivation of the su¬ 
perposition principle for wave functions in 
the two slit experiment 

We shall study in more details the possibility of contextual (purely classical) 
derivation of the superposition principle for complex probability amplitudes, 
‘waves’, in the two slit experiment. We consider one dimensional model. It 
could be obtained by considering the distribution of particles on one fixed 
straight line, very thin strip. It is supposed that the source of particles is 
symmetric with respect to slits and the straight line (on the registration 
screen) pass through the center of the screen. This geometry implies that 
Psj/s — 1/2, j = 1,2. By the symbol A x ,x G R, is denoted the event of the 
registration of a particle at the point x ofd the straight line. We set: 
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p(x) = Ps(A x ) and pj(x) = P Sj (A x ),j = 1,2, 
where contexts S and Sj were defined in Example 1. 


By using (|T0|) we 


get: 

p(x) = \\pi(x) + p 2 (x ) + 2^p 1 (x)p 2 (x) cos 9{x)\. 

By using ([Ui| ) we represent this probability as the square of a complex 
amplitude, p(x) = \4>(x)\ 2 , 
where 

J Pl (x) + Jp 2 (x)) 




(14) 


and phases 9j(x) are chosen in such a way that the phase shift 0i(x)—9 2 (x) = 
9(x). We also introduce complex amplitudes for probabilities Pj(x) : f>j(x) = 
-4^e l0j ( x ) <JpJ[x). Here Pj(x) = \4>j(x)\ 2 . The complex amplitudes are said to 
be wave functions: <fi(x) is the wave function on (the straight line of) the 
registration screen for both slits are open; (pj(x ) is the wave function on (the 
straight line of) the registration screen for jth slit is open. 

Let us set f(x) = where h > 0 is some scaling factor. We have: 


cp(x) 


1 . ij-l (x) I r 

-j=[e h ^ Pl ( x ) + e h 


p 2 (x)) and 4>j(x) 


1 (^) 




By choosing h as the Planck constant we get a quantum-like representation 
of probabilities. We recall that we did not use any kind of wave arguments. 
Superposition rule (|14[) was obtained in purely classical probabilistic (but 
contextual!) framework. 

Suppose now that £ depends linearly on x : £j(x) = ^-,f(x) = ^f,p = 
Pi — P2- Under such an assumption we shall get interference of two ‘free- 
waves’ corresponding to momentums pi and p 2 . Of course, this linearity 
could not be extracted from our general probabilistic considerations. This is 
a consequence of the concrete geometry of the experiment. 


6 The coefficient of context transition as the 
measure of incompatibility of physical ob¬ 
servables 

We now consider the relation between the coefficient of context transition 
(the measure of statistical deviations due to the change of complex of phys¬ 
ical conditions) and incompatibility of physical observables in quantum me¬ 
chanics (noncommutativity of corresponding operators). As everywhere in 
this paper, we consider dichotomic observables. Each event A generates the 
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dichotomic variable a : a = a\ if A occurs and a = a 2 if A does not occur. 
Values ai and a 2 do not play any role in our considerations; in principle, we 
can consider the case cq = 0 and a 2 = 1 . 

Definition. A physical observable a is incompatible with a pair S\,S 2 °f 
contexts if there exists a context S such that S(a = ap 5; S 3 ) 7 ^ 0. 

In such a case a transition from the complex of physical conditions S to 
complexes S 3 induces non-negligible statistical deviations for a-measurements. 
It is not the same to measure a under the complex of conditions S or 5j.f] 

We shall demonstrate that the incompatibility of physical observables in 
quantum mechanics is just a particular case of contextual incompatibility. 

Let hi be the two dimensional Hilbert space. Rays of this space represent 
some class of complexes of physical conditions. Let the dichotomic variable 
a be represented by a self-adjoint operator (symmetric matrix) a. We remark 
that we can associate with any physical observable a two complexes of condi¬ 
tions 5“,5 2 namely contexts corresponding to eigenvectors </>“,</> 2 of a. The 
Sj describes the filter with respect to the value a = aj. 

Let us consider other dichotomic physical observable b = b\,b 2 . It is rep¬ 
resented by a self-adjoint operator b with eigenvectors 05, <f> b 2 . These eigenvec¬ 
tors represent contexts S\. S b (filtrations corresponding to b = b\ and b = b 2l 
respectively). 

Theorem. Quantum physical observables a and b are incompatible (i.e., 
corresponding operators do not commute) iff the observable a is incompatible 
with the contexts S b or vice versa: 

5(a = ap S; S b ) 7 ^ 0 or 5{b = bp, S; S“) 7 ^ 0. 

Proof. Let S be an arbitrary quantum context. Thus it can be repre¬ 
sented by a normalized vector 0 G 7 ~i. We have: 

5(a = ap S; S b ) = 

Psi/s{Ps(a = of) ~ Psi(o = af)} + P S2 /s[P s (a = af) — Ps 2 (a = a*)] 

= l(0,^l)| 2 (l(0,^)| 2 - l(^,0l)| 2 ) + l(^0l)| 2 (l(^^)| 2 - l(^,<^2)| 2 )- 

We have (0, (p b 3 ) = k 3 e 1 ^ , (4> b , 0“) = k 3i e 1 ^ 1 , where k 3 , kij > 0. We get: 

5(a = ap S; S b ) = 2kik 2 kuk 2 i cos 6^, 
where 0 * = f 2 7 fi + 6 * - fii- 

a) . Let [a, b] = 0. Then ki 2 = k 2 1 = 0. Hence 5(a = ap S; S b ) = 0. 

b) . Let [a, b] 7 ^ 0. Then fc 12 , k 2 i 7 ^ 0. Let k Xl k 2 > 0 be arbitrary constants 
such that kf + k% — 1. We choose a context S that is described by the state: 

2 We need to consider two complexes dfi and S 2 , because we would like to consider 
another dichotomic variable b connected to these contexts. 
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<t> = \fk[e l( ‘ 2X (\)\ + yfkfe 1 ^ 11 (j)\. 

Here 0 = 0 and, hence, 

S(a — a*; S; S b ) = 2kik 2 knki2 > 0. 

I would like to thank L. Ballcntine, W. De Mynnck, D. Mermin, A. Peres 
for fruitful (rather critical) discussions. 
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